In this paper the subject of friction prediction is revisited, with the aim of obtaining a general formula predicting the coefficient of friction over a wide range of operating conditions. By means of full numerical simulations of the smooth isothermal elliptic contact, and assuming an Eyring non-
I Introduction
The thickness of the lubricant film separating two surfaces of an elastohydrodynamically lubricated ͑EHL͒ contact is of crucial importance for the successful operation of the contact. The accurate prediction of the film thickness as a function of the operating conditions has therefore received much attention in the literature. For ideally smooth surfaces, the film thickness can already be predicted quite accurately with the widely used formulas of Dowson and Higginson ͓1͔ and Hamrock and Dowson ͓2͔. Recent improvements of both numerical and experimental tools allow an increasingly deep insight into the effects of surface roughness ͑see Lubrecht and Venner ͓3͔ and references therein for the numerical part, and Spikes ͓4͔ and Kaneta and Nishikawa ͓5͔ for reviews of experimental progress͒.
Compared to the amount of work dedicated to film thickness formula in EHL contacts, very little attention has been paid to the development of formulas to predict the coefficient of friction. However, for industrial applications accurate prediction of the friction is of equal importance, as it determines the power loss in the contact and the efficiency of machine components, e.g., bearings. Moreover, an accurate prediction of the coefficient of friction is of the utmost importance for the further development of applications such as variable transmission which specifically rely on the control of the shear in the lubricant.
The reasons for such a late development are twofold. By contrast with the film thickness, which is essentially determined at the inlet, friction originates in the center of the contact where the conditions are such that the rheological behavior of the lubricant film has long been unclear. The debate is not closed yet, but the main characteristics of lubricant behavior are now taken into account in generally accepted models; see Johnson and Tevaarwerk ͓6͔, Bair and Winer ͓7͔, and Evans and Johnson ͓8͔. Concurrently, the incorporation of non-Newtonian rheology in the EHL contact model has proved to be difficult for general elliptical contacts. As a result, most solvers for the EHL problem, incorporating nonNewtonian lubricant behavior have been restricted to the line contact, and most point contact predictions are based on approximate formulas derived from simplified film thickness and pressure solutions.
Examples of non-Newtonian EHL line contact studies are given by Jacobson and Hamrock ͓9͔, Houpert and Hamrock ͓10͔, Conry, Wang, and Cusano, ͓11͔, Lee and Hamrock ͓12͔, Sui and Sadeghi ͓13͔, and Hsiao and Hamrock ͓14͔. In those studies, however, computed values of friction are presented only for a few isolated cases, and no attempt is made to derive a general formula to predict traction as a function of the operating conditions. The same applies to the few studies dealing with the full numerical simulation of non-Newtonian elliptical contacts, where little attention was paid to the prediction of traction as a function of the governing parameters in a systematic way; see Kim and Sadeghi ͓15͔ and Holt, Evans, and Snidle ͓16͔. As a result, with respect to the prediction of traction one has to rely on results obtained using approximate approaches where specific assumptions are made regarding the pressure profile and film shape; see Evans and Johnson ͓17͔ and Olver and Spikes ͓18͔. However, it should be noted that these latter studies at least have shed some light on the characteristic parameters that determine friction in the contact.
In this paper both a complete solution of the non-Newtonian elliptical contact and the development of simple formulas for predicting friction are addressed. It is shown by full numerical simulations for varying load conditions, lubricant parameters, and contact geometry ͑including line contacts͒ that all computed friction results can be represented on a single ''mastercurve,'' giving a reduced friction coefficient as a function of a nondimensional shear stress. This strongly suggests that a unifying mechanism exists that governs the friction in EHL contacts. This claim is supported by the fact that experimental friction coefficients available in the literature, when plotted as a function of the identified parameters, closely follow the obtained mastercurve.
II Problem Presentation
A Equations. The equations have been nondimensionalized using the Hertzian dry contact parameters and the lubricant properties at ambient pressure; see Nomenclature. Effective viscosities are introduced to account for the effects of non-Newtonian lubricant behavior. The dimensionless Reynolds equation for the elliptic contact can be written as
with the boundary conditions Pϭ0, and the cavitation condition Pу0 everywhere. In this equation is the aspect ratio of the Hertzian contact ellipsoid, ϭa/b, and a dimensionless speed parameter: non-Newtonian behavior, an expression for the effective viscosity can be derived analytically; see Refs. ͓11͔, ͓12͔, and ͓19͔. However, for the point contact problem, this is not possible. A way around this is to use approximate expressions derived from a perturbation approach; see Ref. ͓20͔ . For the case of the Eyring model this leads to the following expressions for dimensionless effective viscosities:
where the dimensionless mean shear stress is given by
with
The perturbation analysis is based on the assumption that the shear stresses are only partially coupled, e ϭ x ϭ m ϩz(‫ץ‬p/‫ץ‬x) and that the mean shear stress in the y direction is negligible, so y ϭz(‫ץ‬p/‫ץ‬y), where z varies from (Ϫh/2) to (ϩh/2). For details regarding to the perturbation analysis the reader is referred to Refs. ͓20͔ and ͓21͔.
In its simplest form the lubricant density is assumed to be constant ϭ1, and the viscosity is taken to depend on the pressure according to the Barus equation. In dimensionless form, this equation is given by
Alternatively the variations of the density with pressure can be modeled with the Dowson and Higginson relation ͓1͔, and the Roelands viscosity pressure equation ͓22͔ can be used.
The dimensionless film thickness equation is given by
where SϭS() is a shape factor due to the ellipticity of the contact ͑see Sec. I͒, and ⌬ is an integration constant determined by the force balance condition:
Finally, the reduced coefficient of friction is defined as
B Control Parameters. The aim of this paper is to map the coefficient of friction as a function of the operating conditions, and to obtain a simple and accurate description for use in practice. For the simplest case of an incompressible lubricant obeying the Barus equation, it can be easily inferred from the equations given in Sec. III A that is a function of ␣ , , , and N. Alternatively, the so-called Moes parameters derived using optimum similarity analysis could be used; see Moes ͓23͔. In that case one obtains four parameters, M, L, D ͑please refer to Nomenclature͒, and
For the circular contact (Dϭ1), it follows that is a function of M, L, and S only. The specific form of the relation ϭ f (M ,L,S ) is first investigated for this simplest case. Subsequently the changes brought about by the introduction of compressibility and the replacement of Barus viscosity pressure relation by the more realistic Roelands relation are studied. Finally, the effects of contact ellipticity are considered.
III Friction Calculations
The investigation is conducted using a multigrid solver incorporating non-Newtonian effects. The numerical details and an indication of the numerical accuracy of the analysis are presented in the Appendix.
A Barus-incompressible Lubricant. A circular contact using an incompressible lubricant following Barus' viscosity pressure relation is first considered. For this problem the reduced coefficient of friction has been computed for a wide range of conditions: 50рM р1000, 1рLр15, and 0.01рSр1. A regression analysis is then performed on the computed friction data to derive a parameter, cluster of M, L, and S , representing the severity of the operating conditions. The result of the analysis, S 1/4 M L 3 , enables the computed friction coefficients to fall relatively closely on one curve for S 1/4 M L 3 у10 4 while being scattered rather widely for lower values; see Fig. 1 
one finds
Taking the high power of ␣ as an indication that the viscosity in the contact must be taken into account, it appears that the severity of the operating conditions should be represented by a characteristic shear stress:
Thus it seems that instead of expressing as a function of M, L, and S , it should be related to c . This is confirmed by Fig. 2 , where the calculational results are given in the form ϭ ( c ).
The results fall closely on a single curve which is approximately given by However, for low values of c , the results form a cluster of points straying away from the curve. This indicates that not all sources of friction are equally well represented by the parameters. This scattering at low values of c is explained by the fact that under these conditions ͑low slip͒ the rolling friction is dominant. Thus a parameter such as c , based on the shear of the lubricant film in the center of the contact, cannot accurately characterize the frictional behavior. The use of c is therefore restricted to the sliding friction. This is confirmed by Fig. 3 , where for the same cases as shown in Figs. 1 and 2 the computed reduced coefficient of friction based on the terms associated with sliding friction only is presented as a function of c . That is, Fig. 3 was obtained by subtracting the contribution of the rolling friction. Consequently, in the rest of this work, coefficients of friction due only to sliding friction will be considered. For most practical applications the operating conditions are such that sliding friction prevails, and the rolling friction contribution can be neglected without significantly reducing the accuracy of the analysis.
Concluding this preliminary analysis, a set of parameters, ( c , ) has been derived characterizing uniquely the coefficient of friction for the case of a circular contact and incompressible lubricant obeying the Barus viscosity pressure relation. The form of the parameters strongly suggests, however, that they may be equally well suited for all cases where the shear of the lubricant film in the center of the contact is the predominant source of friction. This means that results obtained when more realistic viscosity pressure equations are used or when the contact is no longer circular should follow the same behavior. This is investigated in the following sections.
B Varying Lubricant Properties.
Coefficients of friction are first computed for varying lubricant properties while keeping the contact configuration circular. The lubricant parameters are taken to represent three widely different lubricants ͑see Table I͒ : a mineral oil A, a traction fluid, and a polyphenyl ether ͑5P4E͒.
The conditions are now taken to be as close as possible to real traction tests conditions meaning that the lubricants are compressible and Roelands pressure-viscosity relation is preferred to Barus'. Operating conditions are varied widely with a maximum Hertzian pressure ranging from 1 to 3 GPa at temperatures of up to 100°C. Note that the temperature only affects the viscosity at ambient pressure. In all cases an isothermal contact is assumed. Therefore the variations of slip are kept in a small range to ensure that this assumption is justified ͑see Table II͒. These conditions can be translated in terms of M, L, and S using R x ϭ1.038 75 ϫ10 Ϫ2 m and EЈϭ226 GPa. Finally, 0 is varied from 4 to 8 MPa to study its influence on friction, rather than taken at its real value as determined by experiments. The resulting reduced coefficients of friction are plotted as a function of c in Figs. 4 , 5, and 6 ͑note that a log-linear scale is now used͒. For all three lubricants the 
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Transactions of the ASME friction data collapses on the mastercurve ͓Eq. ͑13͔͒, thereby indicating that c and are a very useful set of parameters to describe the frictional behavior, even for more general cases.
C Varying Contact Ellipticity. The mineral oil A is singled out and the influence of contact geometry investigated. The friction coefficients were computed for an elliptical contact with R x /R y ϭ1/2 and 1/5, and five load cases are chosen such as to cover the range of variation of the characteristic shear stress, c , see Table III . In addition, using a separate approach based on the equations presented in Ref. ͓11͔ the same computations have been performed for a line contact configuration. The results of the elliptical and line contacts are presented in Fig. 7 . All the data points closely follow the behavior predicted by Eq. ͑14͒. This implies that the two parameters and c characterize the frictional behavior for a general contact geometry.
IV Experimental Validation
The close fit of Eq. ͑13͒ with the computed values of the reduced friction coefficient over a wide range of conditions encompassing several lubricants and ellipticity ratios indicates that ( c , ) reflect a unified mechanism determining friction in EHL contacts. In this section, an experimental corroboration is sought by looking at experimental traction results presented in the literature, using ( c , ) as a frame of analysis.
The present work is restricted to the Eyring model; thus the experimental results must come from tests where the lubricant follows an Eyring behavior and where the Eyring stress, 0 , is measured. This limits the validation to data obtained from traction tests on two-disk machines.
Two sources are used here, Evans and Johnson ͓8,17͔ and Klein-Meuleman, Lubrecht, and ten Napel ͓25͔. From the former, experimental coefficients of friction are extracted for a mineral oil B, the traction fluid used previously, and 5P4E under line contact conditions. The friction coefficients given in Figs The experimentally measured coefficient of friction is transformed into using the value of 0 obtained by fitting a thermal Maxwell-Eyring model to the measured data. c is obtained using the slip value given in the traction curve, the viscosity at the maximum Hertzian pressure as given by the Roelands equation, and the central film thickness given by Eq. ͑10͒.
The experimental results expressed in terms of ( c , ) are displayed in Fig. 8 . Regardless of variations in contact configurations or lubricant properties, the test results all fall rather closely on the mastercurve derived from the present numerical results. At this point it is noted that a reasonable agreement between theoretical and experimental results could be anticipated, because the latter results were taken from cases which were fitted to the Eyring model. However, it is still remarkable that experimental results obtained for widely different conditions can be brought together 
V Conclusions
The friction in smooth isothermal elliptic EHL contacts has been studied as a function of the operating conditions for the case of non-Newtonian lubricant behavior according to the Eyring model. It was found that the computed sliding friction values, when presented in the form of a generalized coefficient of friction as a function of a characteristic nondimensional shear stress, closely fall on a single curve that is accurately approximated by the following formula:
This observed behavior seems to suggest the existence of a unifying mechanism determining the sliding friction in EHL contacts. By this it is meant that also when other rheological models are used e.g., a limiting shear stress model, one may expect to find a single curve ϭ ( c ) but in that case the form of the curve will be different from Eq. ͑14͒. The validation of this assertion forms the topic of future research. A formula such as Eq. ͑14͒ obviously forms a simple tool for engineering use to predict sliding friction as a function of operating conditions. However, because Eq. ͑14͒ is based on results assuming isothermal conditions, it should still be used with care. For cases where a significant amount of sliding occurs, the predicted coefficients of friction will be too large. The extension of the mastercurve to account for such shear heating effects forms another topic of future research. M ϭ f /(EЈR 
